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We expliitly demonstrate the existene of twistor and ambitwistor struture for 4-dimensional omplex eikonal
equation (CEE) and present its general solution onsisting of two dierent lasses. For both, every solution an
be obtained from a generating twistor funtion in a purely algebrai way, via the proedure similar to that used in
Kerr theorem for shear-free null ongruenes. Bounded singularities of eikonal or its gradient dene some partile-
like objets with nontrivial harateristis and dynamis. Example of a new stati solution to CEE with a ring-like
singularity is presented, and general priniples of algebrai eld theory (`algebrodynamis') related to CEE are briey
disussed.
1. Ambitwistor struture of omplex
4-eikonal equation
The four-dimensional eikonal equation in flat Minkowski
spae-time M (we hoose the units where c = 1)
ηµν∂µS∂νS = (∂tS)
2 − |~∇S|2 = 0, (1)
is fundamental nonlinear Lorentz-invariant equation
whih governs the propagation of wavefronts (dison-
tinuties of fields) in every relativisti theory [1, 2℄. Its
omplex generalization, with S(x, y, z, t) ∈ C , natu-
rally arise in geometrial optis and quasilassial limit
of quantum theory [4℄ as well as in GTR [5℄. Sin-
gular solutions of eikonal equation and its relations to
other fields have been studied by H. Bateman [3℄ and,
reently, by E.T. Newman et al. [6℄. Possible inter-
pretation of singularities as partiles was disussed by
Yu.P. Pyit'ev [7℄ (for 5D-real eikonal) and A.M. Vino-
gradov [8℄ (from general viewpoint); see also our work
[22℄.
In the version of biquaternioni analysis proposed
in our works [9, 10, 11, 12℄ omplex eikonal equation
(CEE) (1) plays the role similar to that of the linear
Laplae equation in omplex analysis. Its nonlinearity
arises as a diret onsequene of the nonommutativity
of biquaternion algebra.
The method to obtain the general integral of eikonal
equation, i.e. the solution dependent on an arbitrary
funtion (starting from the so alled "omplete inte-
gral"), is well known (see, for example, [13, 6℄). We
not only extend these results to the omplex holomor-
phi ase. Making use of the obtained twistor and am-
bitwistor struture of CEE, we present its general solu-
tion, in a manifestly Lorentz and gauge invariant form,
and demonstrate that arbitrary CEE' solution belongs
to one of two and only two different lasses. The proe-
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dure is extremely simple and an be regarded as gener-
alization of the known Kerr theorem for shear-free null
geodesis [14, 15℄. The problem of lassifiation and
evolution of singularities of the eikonal wavefronts and
of the related austis also beomes quite transparent in
the sheme developed below.
In the C-ase stati solutions to CEE do exist, the
known example is given by the Kerr twisting ongruene
with a ring-like singularity (leading to stationary Kerr
metri in GTR). In setion 2 we present another stati
solution to CEE with singularity of a similar ring-like
struture.
For one of the two fundamental lasses of CEE' so-
lutions deep onnetions with solutions of gauge and
metri fields an be revealed. In partiular, for Maxwell
field related to these solutions of CEE eletri harge
is neessarily a whole multiple of some "unit", elemen-
tary one. These and other fats form the premises of
the algebrai field theory  algebrodynamis  whih we
briefly disuss in setion 3.
To start with, let us represent CEE (1) in equivalent
Pfaffian form
dS = ϕdXψ, (2)
where the two SL(2,C)-spinors ϕ = {ϕA} and ψ =
{ψA′} are introdued, and dX is the differential of her-
mitian matrix of spae-time oordinates X = {XAA
′
},
A,A′, ... = 0, 1 . For the latters we'll use the stan-
dard representation X00
′
= u = t + z, X11
′
= v =
t − z, X01
′
= w = x − iy, X10
′
= w = x + iy with
{x, y, z, t} being the Cartesian oordinates and the time
respetively. Condition (2) in omponents reads
∂S
∂XAA′
≡ ∂AA′S = ϕAψA′ (3)
and is equivalent to CEE (1) sine we have
det ‖∂AA′S‖ = ∂uS∂vS − ∂wS∂wS = 0, (4)
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beause of the fator struture of the r.h.s. of Eq.(3).
Conversely, the omplex gradient 4-vetor ∂AA′S should
be null in view of CEE and, therefore, an be always
represented in the form (3) with some spinors ϕ, ψ .
The latters are projetive in nature being defined up
to a omplex salar multiplier λ(X) , in view of the
following symmetry of Eq.(2):
ϕ 7→ λϕ, ψ 7→ λ−1ψ, S 7→ S. (5)
We proeed now with equivalent transformation of
Eq.(2) of the form
dS = ϕd(Xψ)− (ϕX)dψ ≡ ϕdβ − γdψ =
= ϕAdβ
A − γA
′
dψA′ . (6)
Here the pair of 2-spinors W = {ψ, β} ≡ {ψ,Xψ} re-
lated to the spae-time points (preisely, to the lightone
of the point X ) by the inidene ondition 1
β = Xψ (βA = XAA
′
ψA′) (7)
forms the projetive null twistor W . Analogously, the
pair of 2-spinors W = {ϕ, γ} ≡ {ϕ, ϕX} forms the dual
twistor for whih the spinors are related by
γ = ϕX (γA
′
= ϕAX
AA′). (8)
Moreover, twistors W,W are orthogonal to eah other
beause of the identity
ϕβ ≡ ϕ(Xψ) = (ϕX)ψ ≡ γψ ⇒
⇒ < W,W >= ϕβ − γψ ≡ 0, (9)
where by <,> the (redifined, see the footnote above)
twistor salar produt is denoted.
A pair of mutually orthogonal (projetive) twistors
is known as an ambitwistor [16, 14℄. Ambitwistor stru-
ture is losely related to the flow of null geodesis on a
generi manifold and, by this, to its Riemannian metri
struture [16℄. In invariant twistor form CEE (1) an
be written as
dS = < W, dW > ≡ − < dW,W > . (10)
Thus, we see that every solution S(X) to CEE
may be onsidered to depend on the spae-time o-
ordinates X only "impliitly", i.e. via the ompo-
nents of projetive twistor W (X) = {ψ(X), β(X)}
defined by the struture of null 4-gradient (3), i.e.
S = S(ψ(X), β(X)) . Below, it's natural to distinguish
two different lasses of solutions for whih three ompo-
nents of projetive twistor W = {ψ, β} are funtionally
dependent and not.
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We have no need to use here the aepted multipliation by
i =
√−1 in the r.h.s. of Eqs.(7). This is allowed under the proper
redefinition of the standard twistor salar produt, see below
2. First lass of solutions to CEE
Let us assume that for some solution of CEE three pro-
jetive omponents of related twistor W ∈ CP 3 are
independent with respet to spae-time oordinates X
and in some region of M . Making use of the symme-
try (5), we an onsider then that all four twistor om-
ponents {ψ0′ , ψ1′ , β
0, β1} are funtionally independent.
Then in view of (2) the eikonal funtion S = S(ψ, β)
will be a funtion of twistor oordinates while the om-
ponents of the dual twistor {ϕ, γ} need to have the form
ϕA =
∂S
∂βA
, γA
′
= −
∂S
∂ψA′
. (11)
Applying now the inidene relation (8) we get
∂S
∂βA
XAA
′
= −
∂S
∂ψA′
and, finally,
PA
′
(ψ,X) ≡
dS
dψA′
≡
∂S
∂ψA′
+
∂S
∂βA
∂βA
∂ψA′
= 0. (12)
Two Eqs.(12) impliitly define two unknown spinor
omponents ψA′ at almost every spae-time point X
(exept at a subset of zero measure, see below). Sub-
sequently resolving algebrai system (12) for different
`parameters' X and seleting a ontinious branh of
roots we ome to some field distribution for the spinor
ψ(X) and, aordingly, for β(X) = Xψ(X) . Substitut-
ing them into S(ψ, β) we determine the dependene of
generating funtion S(ψ(X), β(X)) on spae-time oor-
dinates.
To make sure that the funtion S(ψA′ , X
AA′ψA′)
whih we've obtained really satisfy CEE let differentiate
it with respet to the oordinates XAA
′
and get
∂AA′S =
∂S
∂ψB′
∂AA′ψB′ +
∂S
∂βB
(XBB
′
∂AA′ψB′+
+ δBB
′
AA′ ψB′) = P
B′(∂AA′ψB′) +
∂S
∂βA
ψA′ . (13)
In the region of regularity of derivatives ∂AA′ψB′
where they all are bounded, we have in aount of
Eqs.(12):
∂AA′S =
∂S
∂βA
ψA′ ≡ ϕAψA′ , (14)
so that the eikonal equation det ‖∂AA′S‖ = 0 is identi-
ally satisfied.
On the other hand, the lous where the derivatives of
ψ(X) are singular orresponds to the branhing points of
C-valued solutions (multiple roots) of algebrai system
(12), i.e. to the austi ondition
D = det ‖
d2S
dψA′dψB′
‖ = 0. (15)
General Solution of the Complex 4-Eikonal Equation... 59
Thus, we have proved the following
Theorem 1. Every (analytial) solution S(X) to
CEE for whih all three omponents of related projetive
twistor W = {ψ(X), Xψ(X)} are funtionally indepen-
dent, an be generated by some arbitrary (holomorphi)
twistor funtion S(ψ,Xψ) via its dierentiation and
subsequent resolving of algebrai system (12) with re-
spet to ψA′ . Suh solutions have branhing points
determined by ondition (15). Conversely, any funtion
S(ψ,Xψ) for whih onditions (12) an be resolved,
dene a solution of CEE. 
Of ourse, the proedure an be simplified by means
of the hoie of a speial gauge. Making use of partial
arbitrariness of the spinor ψ implied by the symmetry
(5) we an redue to unity one of the omponents of the
spinor ψ , say ψ0′ . Then twistor omponents aquire
the form
ψ0′ = 1, ψ1′ ≡ G, β
0 = wG+u, β1 = vG+w, (16)
and generating twistor funtion redues to
S = S(ψ1
′
, β0, β1) ≡ S(G,wG + u, vG+ w); (17)
it should be then differentiated with respet to G , and
algebrai equation
Φ(G,X) ≡
dS
dG
= 0, (18)
in the region of regularity, results in some solution G(X)
and, subsequently,  in some solution S(G(X), β(X)) of
CEE. Singularity ondition (15) redues by this to
D =
d2S
dG2
= 0. (19)
In the form presented by (17),(18),(19) the proedure
beomes muh similar to that used for determination
of singularities of austis and wavefronts in the theory
of differentiable mappings [17, 18℄ and to the method
disribed in reent works of E.T. Newman with his
olleagues [6℄. However, twistor methods make the
proedure quite transparent and preserve Lorentz and
gauge invariane of CEE. We'll further see also that for
S(X) ∈ C another lass of CEE' solutions does exist
whih has no analogues in the real ase.
Even for the lass of solutions dealt with above, un-
like the real ase where always the light-like evolution
of wavefronts always takes plae, a new type of stati
solutions (for whih both G(X) and S(X) don't depend
on time at all) an be obtained in the C-ase sine the
equation
|~∇S|2 ≡ (
∂S
∂x
)2 + (
∂S
∂y
)2 + (
∂S
∂z
)2 = 0
an then possess nontrivial solutions. As an example, in
order to obtain a stati axisymmetrial solution, let us
take the generating twistor funtion
S =
G2
Gβ0 − β1 + 2iaG
=
G2
wG2 + 2z∗G− w
(20)
where onstant positive a ∈ R and z∗ = z+ ia . Apply-
ing the proedure desribed above we easily find
G =
w
z∗
, (21)
and for CEE' solution orrespondent to (20)
S =
w
ww + z∗2
≡
x+ iy
x2 + y2 + (z + ia)2
. (22)
Both funtions (21),(21) are single-valued, and the
spinor field G is regular on the whole 3-spae. How-
ever, the eikonal funtion S as well as its omplex (null)
gradient vetor
~∇S beome singular at a ring of radius
`a ', i.e. at
z = 0, x2 + y2 = a2. (23)
The solution (22) has, therefore, muh in ommon with
the famous Appel-Kerr stati (stationary) solution of
the equations of shear-free null ongruene (see below,
setion 3) whose singular lous is of the same ring-like
struture as in (23). However, in the ase onsidered
we have a great number of stati (axisymmetrial) solu-
tions to CEE for whih the singular lous is bounded in
spae; we expet to study them in detail, together with
nonstati solutions, in the forthoming paper.
3. Seond lass of CEE' solutions and
related physial fields
It remains for us to onsider the ase when three om-
ponents of projetive twistor arising in the form (6) of
CEE are funtionally dependent
2
. Making again use
of the projetive struture of spinors ψ, ϕ manifested
by the symmetry (5) we an hoose the spinor ψA′ in
suh a way that any three omponents of the full twistor
W = {ψ,Xψ} would be funtionally dependent. This
means that in the ase onsidered, for every solution of
CEE, two algebrai onstrains between twistor ompo-
nents should exist, of the form
Π(C)(W) = Π(C)(ψA′ , X
AA′ψA′) = 0 (24)
where Π(C), C = 0, 1 are two arbitrary and indepen-
dent (holomorphi) funtion of four twistor `oordi-
nates'. Analogously to Eqs.(12) from the previous se-
tion, algebrai system (24) in impliit form an define,
2
For a generi twistor, two independent omponents do always
exist, see e.g. [23℄
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for a pair of Π(C) being hoosed and in the region of
regularity, a solution for the spinor ψ(X) .
Let some solution ψA′(X) of Eqs.(24) and, onse-
quently, βA(X) = XAA
′
ψA′(X) is found. Then in view
of the form (6) of CEE every (analytial) twistor fun-
tion S(W(X)) = S(ψ(X), β(X)) an in priniple be a
solution to CEE (though really it would depend only on
two funtionally independent twistor arguments).
To make it sure we first differentiate with respet to
oordinates XAA
′
the generating system (24) and get
∂AA′ψB′ =
[
−
∂Π(C)
∂βA
Q−1(C)B′
]
ψA′ ≡ ΦB′AψA′ , (25)
where by ΦB′A the quantities in square brakets are
denoted, and Q−1(C)B′ is the matrix inverse of
Q(C)B
′
≡
dΠ(C)
dψB′
. (26)
Note that in view of Eqs.(25) solutions ψA′(X) of
algebrai system (24) are defined exept in the singular
lous represented by the ondition
Q ≡ det ‖Q(C)B
′
‖ = det ‖
dΠ(C)
dψB′
‖ = 0. (27)
We'll see further that at these points whih orrespond
to multiple roots of Eqs.(24) the strengths of assoiated
physial elds beome singular.
Let us now make use of general expression (13) for
derivatives of a twistor funtion S(ψ(X), β(X)) . Sub-
stituting into it the urrent expression (25) for spinor
derivatives we get
∂AA′S =
[
−PB
′
ΦB′A + ∂S/∂β
A
]
ψA′ ≡ ϕAψA′ (28)
where PB
′
are the same as in Eq.(12) and the spinor
ϕA is now defined by the expression in square brakets.
We thus see again that the omplex 4-gradient ∂AA′S is
identially null beause of its fatorized struture mani-
fested by the r.h.s. of Eqs.(28), so that CEE is satisfied
for every generating twistor funtion. In this way we
ome to the following
Theorem 2. Every (analytial) solution to CEE for
whih three omponents of related projetive twistor W
are funionally dependent, an be generated by some two
arbitrary and independent twistor funtions Π(C)(ψ,Xψ)
via resolving the algebrai system (24) with respet to
ψ(X) , and is represented by arbitrary twistor fun-
tions S(ψ(X), Xψ(X)) `built' on the solutions ψ(X) .
Branhing points for S(X) and ψ(X) are dened by
the ondition (27). Conversely, for any pair of Π(C)
for whih the onstraints (24) an be resolved, a lass of
solution of CEE S(ψ(X), Xψ(X)) is dened. 
As in the previous setion the proedure an be es-
sentially simplified by fixing of gauge. Let one of the
omponents of the main spinor, say ψ0′ , be nonzero in
some region of spae-time. Then it an be brought to
unity and we ome to the gauge (16) used before. Now,
however, three projetive twistor omponents (16) are
onsidered to be funtionally dependent; the onstrains
(24) redue to one algebrai equation of the form
Π(ψ1′ , β
0, β1) ≡ Π(G,wG + u, vG+ w) = 0 (29)
whih impliitly define an analytial solution G(X) ev-
erywhere exept in the branhing points given by the
redued form of Eqs.(27):
Q ≡
dΠ
dG
= 0 (30)
and, of ourse, on the urves where G(X) beomes zero
or infinite. Having available a solution G(X) of Eq.(29)
we may be sure that any generating funtion of three
projetive twistor omponents `built' on G(X) , i.e.
S = S(G(X), wG(X) + u, vG(X) + w)
(preisely, of any two funtionally independent of them)
should satisfy CEE. For some solutions to CEE ψ0′ an
be zero; in this ase another gauge an be used to obtain
them in analogous manner.
It's worthy of notie that solutions G(X) of gener-
ating algebrai equation (29) define geometrially the
shear-free null geodesi ongruenes [14, 15℄ whih are
related, in partiular, to Riemannian metris of Kerr-
Shild type. Indeed, Eqs.(25), in the gauge we have
used, redue to the system
∂uG = k, ∂wG = kG, ∂wG = l, ∂vG = lG, (31)
where k(X), l(X) are two remaining nonzero ompo-
nents of the matrix ΦB′A defined by Eqs.(25). Elim-
inating them from Eqs.(31) we ome to the following
nonlinear system:
∂wG = G∂uG, ∂vG = G∂wG, (32)
whih is known to define the prinipal spinor of a shear-
free null ongruene and whose general solution, in a-
ord with the Kerr theorem [14, 15℄, is impliitly given
by Eq.(29).
As to the gauge-free representation, Eqs.(25) an be
rewritten in the following invariant matrix form:
dψ = ΦdXψ (33)
(Φ = {ΦB′A(X)}) whih has been earlier proposed in
our works [9, 10, 12, 23℄) in the framework of biquater-
nioni generalization of Cauhy- Riemann equations and
whih was interpreted as a basi dynamial system (non-
linear, over-determined, nonLagrangian) for some pe-
uliar algebrai field theory (`algebrodynamis' ). The
latter deals with nontrivially interating 2-spinor field
ψ(X) and 2 × 2 -matrix (omplex 4-vetor) field ΦB′A
and was studied also in [20, 19, 22℄.
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Let us briefly enumerate the most important features
of this theory (for details see [23, 24℄). For system (33)
an unusual gauge symmetry does exist, the so alled
`weak one', whih orresponds to the transformations of
the form
ψ 7→ λ(W)ψ, ΦB′A 7→ ΦB′A + ∂AA′λ (34)
with a gauge parameter λ(W) = λ(ψ, β) whih is al-
lowed to depend on oordinates XAA
′
only impliitly,
via the omponents of the trasforming spinor ψ(X) and
of its twistor ounterpart β(X) = Xψ(X) .
Owing to the gradient-wise type of its transforma-
tions, the matrix field ΦB′A(X) an be interpreted as
4-potentials of some (C-valued) `weak' gauge field. In-
deed, the integrability onditions of Eqs.(33) ddψ ≡ 0
result in the self-duality of (matrix) eld strengths or-
respondent to potentials Φ(X) and, in its turn,  in
fulfilment of gauge fields' equations. Preisely, both C-
valued Maxwell and Yang-Mills equations are satised
identially on the solutions of Eqs.(33), for the trae
and the trae-free part of the full matrix field strength
respetively. For the spinor of omplex eletromagneti
field strength F(AB)(X) a beatiful twistor-like expres-
sion was obtained in [23℄:
F(AB) =
1
Q
[
ΠAB −
d
dG
(
ΠAΠB
Q
)]
, (35)
where ΠA,ΠAB , A,B = 0, 1 denote the (1-st and 2-d
order) derivatives of some funtion Π(G, β0, β1) with
respet to its twistor arguments βA , and Q = dΠ/dG
is the same as in Eq.(30). If for any Π (after differ-
entiation) the solution G(X) of generating Eq.(29) is
substituted into (35) the spinor F(AB) will identially
satisfy vauum Maxwell equations (exept in the points
of singularities given by Q = 0).
Thus, for any solution G(X) of Eq.(29) ondition
(30) defines the shape and the time evolution of singu-
larities of some assoiated eletromagneti field. Suh
singular loi an be zero-, one- or two dimensional. In
the ase when the singularities are bounded in 3-spae
they define some singular, partile-like objets with non-
trivial dynamis simulating interation of partiles and
even their transmutations.
Moreover, the value of eletri harge assoiated with
bounded singularities of eletromagneti eld (35) is ne-
essarily quantized (i.e., equal to the whole multiple of
some mimimal harge) [9, 10, 24℄. Suh elementary
harge is arried, in partiular, by the soure of the ex-
eptional stati, axisymmetrial Appel-Kerr solution
G =
w
z∗ ± r
≡
x+ iy
(z + ia)±
√
x2 + y2 + (z + ia)2
(36)
generated by the funtion (29) of the form
Π = Gβ0 − β1 = wG2 + 2z∗G− w = 0. (37)
Its ring-like singularity (23) (branhing urve of the
G(X)) is the sameas for the first-lass solution of CEE
(22); it might be interpreted then as a soure of ele-
tromagneti field defined by (the real part of) Eqs.(35).
The eletromagneti field itself is idential to that of the
field of the Kerr-Newman solution in GTR but an arry
only `unit', elementary harge (q = ±1/4 in the a-
epted system of units). General theorem on the harge
quantization has been proved in [24℄. This fat, ini-
dentally, revives the well-known Carter-Lopez model of
eletron [25, 26, 20℄. In the limit a→ 0 the field turns
into the `unit-harged' Coulomb field.
In onlusion, we remind that Eqs.(33) whih we dis-
ussed above in the framework of general algebrai field
theory are atually equivalent to the equations of shear-
free null geodesi ongruenes (32) and represent the
seond lass of solutions to CEE we studied above.
4. General solution of omplex eikonal
equation
We are going now to bring together the results obtained
in theorems 1 and 2 and to desribe the general solution
to CEE (1).
Theorem 3. Let in some open subspae O ⊂M there
exists an analytial funtion S(X) ∈ C whih is there
a solution to CEE. Then the ompoments of proje-
tive spinor ψA′(X) and related projetive null twistor
W(X) = {ψ(X), Xψ(X)} are defined via the stru-
ture of null 4-gradient ∂AA′S , and for every solution
S = S(W ) is a twistor funtion, i.e. depends on oor-
dinates X only impliitly, as follows:
S(X) = S(ψ(X), Xψ(X)). (38)
In (38) the spinor funtion ψ(X) satisfy either the sys-
tem (12) or the system (24).
Conversely, any analytial solution to CEE belongs
to one of two different lasses and an be generated by
one S(W) or two Π(C), C = 0, 1 arbitrary and indepen-
dent twistor funtions for whih algebrai equations (12)
or (24) an be (analytially) resolved in some subspae
O ⊂M with respet to ψ(X) .
In the first ase (when dS/dψA
′
= 0), all (projetive)
twistor omponents are independent, and the solution of
CEE is represented by the funtion S(W(X)) itself, the
branhing points being defined by Eq.(15).
In the seond ase (when Π(C) = 0), only two pro-
jetive twistor omponents remain funtionally indepen-
dent. Then the solution is represented by arbitrary (an-
alytial) funtion S(W(X)) and impliitly depends on
X through two independent twistor arguments only.
Branhing points are then defined by Eq.(27). 
To onlude, we show that the Cauhy problem for
CEE with arbitrary analytial initial data S(x, y, z, t0) =
SC being given at the moment t = t0 an be resolved
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in a simple algebrai way using the proedure above-
presented. Indeed, one immegiately obtains at t = t0
the 4-gradient ∂AA′SC = ϕAψA′ and the three om-
ponents of one of the projetive twistors, say W =
{ψ,Xψ} (in the matrix X the time oordinate is also
settled to t0 ). Now it's a trivial step to find out if
these three omponents are funtionally independent or
not. In the seond ase, we immegiately obtain (in the
gauge for the spinor used) the onstrain ondition (29)
represented by a twistor funtion Π(W) . Similarly, in
the rst ase we algebraially express the spatial oordi-
nates x, y, z via three independent twistor omponents
and after substitution into SC ome again to a twistor
funtion (17) S(W) . Then, in both ases, disposing
of generating twistor funtions Π or S and onsider-
ing now the time oordinate in X to be free we are
able to obtain the full time-dependent solution to CEE
orresponding to the given Cauhy data by the prose-
dure desribed above (i.e. by solving respetively the
equations Π = 0 or dS/dG = 0 with respet to the pro-
jetive spinor omponent G(X)). The examples of this
quite transparent proedure will be presented elsewhere.
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